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STRESS ANALYSIS OF CIRCULAR SEMIMONOCOQUE CYLINDERS WITH CUTOUTS 1

By HAEmY G. MaCoMB, Jr.
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INTRODUCTION

An airplane fuselage usually has openings or cutouts for
entrance doors, cargo doors, windows, and man~other pur-
poses. me presence of such openings may resdt in a ccm-
sidemble redistribution of stress in the structure. Some
knowledge of this stress redistribution is desirable in the
structural design of fuselage-snear cutouts.

A large portion of the structure of many fuselagea can be
represented, approximately, by a circular semimonocoque
cylinder, that is, a thin-walled circular cylinder stiffened by
stringers (axial stiffening membem) and rings (circumfenmtial
stiffening members). Some previous invwtigations relating
to the problem of stressanalysisof cylindrical semimonocoque
shells with cutouts were reported in references 1 to 4. One
limitation common to all of these anslysea is that the flexi-
bility of the rings or circumferential-stiffening members is
neglected. In reference 5, CicaJa discussed this limitation
as well as certain other limitations in some of the previous
investigations and introduced the idea that the effect of a
cutout can be reproduced by superposing certain perturba-
tion stress staks on the stresses which would occur in the
shell without a cutout.

The problem discussed by Cicala in reference 6 is that of a
cutout in a circular semimonocoque cylinder which is long in
comparison to the length of the cutout. The analysis of
reference 5 is somewhat limited because it can be used only
for loading conditions which produce stringarstresseslongitu-
dinally antisymmetic about the center line of the cutout
(for example, torsion), and it cannot take into consideration
the effects of coaming stringer reinforcement. The present
report is an extension of the approach of CicaJaand prwents

a method of analysis which can be used with more general
loading conditions and with either shear or stringer rein-
forcement about the cutout.

In reference 6 the stress pert&btkion t+que is applied
tQthe analysis of stkesaeaaboutcu~uts in flat sheet#ringer
papels under add load . Three basic unit perturbation
solutions were used as tools in M method of analysis. In
part I of this report the analogous perturbation approach is
described for the stress analysis of circular semimonocoque
cylindem with CUtOUtS. The three perturbation-solution
tools for circular semimonoccque cylindem mmlogous to
those for the flat sheetitringer panels of referemx 6 are
developed in part II of this report.

SYMBOLS ‘ “

A e.flectivecross-sectional mea of a stringer
A* cross-sectional area of additional portion of a

reinforced stringer
A==3B&-l+ccs n~

~_E f P——. —
QtL2

Bn=3BP+2(l–cos n~)
b arcdistance between stringem, R&

“’”(rm+n)’[(~+n)’–l]
dn coeflkient in trigonometric series for &j
E Young’s modulus of elasticity
F,, tangential force on ring i uniformly distributed

between stringerj and stringerj+l
f%(i) coefficient in lzigcmometric sari.eafor stringer

loads
G shear modulus of elasticity

18nparwdMNAOA TN 3192,19S4andNAOA TN &O&19S4by Hnrwy Q. MoOomb,Jrv andNAOA TN 346U,1955by Harvey G. MoOemb,Jr.andEmrnetF. Law, Jr.
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effective momant of inertia of a ring cross section
longitudinal indices, indicating rings and bays
has the value 1 when h is an integer and has the

vake Owhen h is not an integer
circumferentialindices,indicatingstigers and

panel rows
integers
distance between rings
bending moment in ring i
applied moment and torque, respectively (see

@.5)
total number of stringers in cylinder, m=3
index of terms in a trigonometric series
external concentrated force in the longitudinal

direotion applied to a stringerat its intmsec-
tion with a ring, lb

stringer load in stringer j at ring i
basic stringer load in stringer j at ring i
load in stringer j at ring i due to a unit concen-

trated perturbation load on stringer q at ring g
load in stringer j at ring i due to a unit shear

perturbation load about shear panel (g,q)

externalshear force per unit length applied about
a shear panel, lb/ii.

shear flow in shear panel (i,j~
basic shear flow in shear panel (i~o
shear flow in shear panel (i,j~ due to a unit

concentrated perturbation load on stringer q
at ring ~

shear flow in shear panel (i~~ due to a unit
shem perturbation load about shear panel
(M

radius to middle surface of sheet
external force in the Iowzitudinfd direction

uniformly distributed alon~ that portion of a
stringer which lies between adjacent rings, lb

r--m
T(i,c$) thrustin ringi
t thidmw of sheet
t* thickn- of additionfd portion of a reinforced

shear panel, that is, a doubler plate
t’ thickness of all material camying bending

Str@S&3 in cylinder if WlifOllUdydistributed
around perimeter, A/b

u total An3s energy
V(M) . transverse shear in ring i

constants

/2

7“=—2+ 120s’.
Aii second central difference in the i direction or

longitudinal direction, that is
A,~(i)=g(i+l)-2g(i) +g(i-1)

6 central angle between stringera, 2r/m
6ra Kronecker delta; takes the value 1 when r=s

and takes the value Owhen r#s
~z= *6+.
&.& quantities deiined immediately following equa-

tion (24)
+ angular coordinate for rings

‘.=icOs-’[%-wwFzl‘“n”)

‘+’[%wwFzl ‘Dn<l)

‘+’fi-’l%+ww-”l

BASIC“ASSUMPTIONS

A structure of the type considered in this report is shown
in figure 1. It consists of a thiwwdled circular cylinder
stifbned by stringers in the longitudinal direction and by
rings in the circumferential direction. The rings and
stringers divide the thin-walled shell into rectangular panels
which are called shear panels. The cutout is assumed to be
rectangukw-it removes an arbitrary number of shear panda
and interrupts the corresponding stringers.

Some loading conditions which can be handled with this
method of analysis are i.llustiatedin figure 1. Other,loading
conditions are palble if the stress distribution in the
cylinder without the cutout is lmown.

A typical portion of the structure is shown in figure 2 with
the index systmu used in this report to designate stringers,
-, bays, and panel rows. Note that the intersection of

Fmmm l.—Cirouhir semimonocoque oylhder with outout,
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FrCKIEB 2.—Portion of typical oylinder.

ring i and stringer j occurs at the lower left-hand corner of
slmarpanel (ii).

Tlm analysis is based on the following assumptions regard-
ing tho properties of the structure:

(a) The cylinder is long relative to the length of the cutout.
(1.))The stiingera are uniform and equally spaced around

the shell, and the sheet is of constant thickness.
(c) The stringers carry only direct stress, and the.sheet

takes only shear strew which is constant within each shear
pruml; thus stringer streaseavary linearly between adjacent
rings.

(d) Tho rings are uniform and have a tite bending stiif-
mss in their own planes, but they do not restrain longitu-
dinal displacements of the stringers. The bending of the
rings is inextensionaL

(e) The difference between the radius to the middle surface
of the sheet and the radius to the neutral axis of a ring iE
negligible.

(f) The structure is elastic and no buckling occurs.

I—ANALYSIS OF STRESSES ABOUT CUTOUTS BY A
PERTURBATION LOAD TECHNIQUE
PERTURBATION STRESS DISTRIBUTIONS

TIM tools for the method of analyxis tQ be described are
tho stress distributions due to three types of loads, called
perturbation loads, applied to an infinitely long circular
cylinder with no cutout. One perturbation load consists of
a concentrated force P imposed on one stringer of the shell
fit its intersection with n ring, the force acting in the direction
of tho stringer. This load is illustrated in figure 3 (a) and
is called the concentrated perturbation load. A second type,
illustrated in figure 3 (b), is called the distributed perturba-
tion load and consists of n force S’ uniformly distributed
along the portion of one stringer which extends between two
adjacent rings, the force acting in the direction of the stringer.
Tho third type, shown in figure 3 (c), is called the shear

perturbation load and consists of uniformly distributed
forces per unit length Q applied along the stringarsand rings
that border one shear panel of the shell, the forces acting in
such a way as to cause pure shear in that paneL

For each of the three perturbation loads, formulas are
developed in part II of this report which give stringer loads
in every stringer at each ring and shear flows in each shear
panel of the shell. By use of these formulas, tables of coefE-
cients can be computed which give stringer loads and shear
flowEin the neighborhood of each partur~ation load due to a
unit magnitude of that load. Such tables for a cylinder
having 36 stringers and various values of the structural
parameters B and C are presented as tables 1 to 30. These
tables were calculated on an IBM Card-l?rogramrned Elec-
tronic Calculator. The application of these tables is not
limited to cylinders with 36 stringers. In general, the total
stringer area can simply be redistributed into 36 fictitious
stringers. The values of the parameters B and C me not
changed by such a redistribution of stringer area. Then the
tables can be thought of as presenting (a) the load whichis
taken by all of the normal-strem-camying material up to 5°
on either side of the location of a fictitious stringer and (b)
the shear flows at points in the sheet halfivay between fic-
titious stringem.

Part (a) of each table contains the values of pti and @
due to a concentrated perturbation load P=l on stringer
j=O at ring station i=O. Part (b) contains the valuw of

Pij ~d gi~ due t-oa distributed perturbation load of total
magnitude S= 1 on stringer j=O between rings i=O and
i= 1. Part (c) contains the values of pij/Land qu due to a
shear perturbation load per unit length of magnitude Q=l
about shear panel (0,0). The positive senses of the pertur-
bation loads are the senses shown in figure 3; stringer loads
are assumed positive in tension, tmd shear flow is positive
when an element of the sheet is loaded by shems which act
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in the positive sense of the shear perturbation load. The
solutions for arbitrary locations of the perturbation loads
are readily obtained from the tables by means of changes of
indices.

The application of these perturbation loada and the stress
distributions caused by them in the stress analysis of cir-
cular semimonocoque cylinders with cutouts is discussed in
the following section. The perturbation solutions are exact
only for infinitely long cylindem. However, in the solution
of a cutout problem, the perturbation loads me applied in
self-equilibrating groups in order not to disturb the overall
equilibrium of the structure; therefore, the stresses due to

the perturbation loads decay rapidly in the longitudinal cli-
rection. Consequently, the application of perturbation
stress distributions for an infinitely long cylinder to a oyl-
inder of iinite length is justified if the vicinity of application
of the perturbation loads is far from the ends of the
cylinder.

METHOD OF ANALYSIS

STEUCTUREWITHNO~OBC~ ABOUTCUTOUT

Application of perturbation loads.-Conaider, first, a
structure like that shown in figure 1 which has no roiuforco-
ment about the cutout. The stress distribution in such a
shell can be thought of as a superposition of the stresses
which wotid exist in the structure without a outout and
perturbation stiess distributions which arise because of the
cutout. The structure without a cutout is called herein the
basic structure. The stress distribution which would exist
in this structure is called herein the basic stress distribution,
In the present report the basic stress distribution is assumed
to be lmown. Then the problem of analyzing a structure
with a cutout consists of the determination of the perturba-
tion stressdistributions to be superposed on the basic stresses
in such a manner as to annihilate the eifecta of that portion
of the basic structure which lies within the boundaries of
the cutout. Finding the proper magnitudes of these pertur-
bation stresaeainvolves the solution of a system of simulta-
neous algebraic equations.

At the cutout boundary in the structure with the cutout,
two conditions must be satisiied: (a) the stringer load must
be z- at points where a stringer is interrupted by the cut-
out and (b) no external shear forces may act on portions of
stringers and rings which border the cutout. By superposing
concentrated and shear perturbation loads on the basic
structure, the resultant stressescan be made to satisfy thcae
conditions.

The method of analysis is sa follows:
(1) Find the stress distribution for the basic structure,

that is, the cylinder without a cutout.
(2) Place perturbation loads on the basic structure in the

following manner: At each point where a stringer would be
interrupted by the cutout, place a concentrated perturba-
tion load; and, about each shear panel which would be re-
moved by the cutout, place a shear perturbation load. For
the csse of a cutout removing three shear panels and in-
terrupting two stringers, these perturbation loads are shown
in figure 4.

~

1 1 1 I I 1

I
-1 0 I

Ring

FIQUEE 4.-Applioation of perturbation 10MIE.
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(3) With the use of the tables of coefficients, write a set
of simultaneous algebraic equations which state the following
conditions:

(a) At the points where a stringer is to be interrupted by
tbe cutout boundary, the resultant stringer load must
vanish when the boundary is approached from the structure
outside of the cutout. This resultant stringer load is com-
posed of the basic stringer load plus the stringer load due to
all the perturbation loads.

(b) In each shear panel which is to be removed by the
cutout, the basic shear flow plus the shear flow due to all
tho perturbation loads must be equal to the shear perturba-
tion load applied to the portions of stringers and rings which
border that given panel. Thus, the shear flow smartedby
the shear panel on the portions of stringers and rings bor-
dering it will exactly cancel the shear perturbation load
applied to those same portions of stringers and rings.

(4) Solve the system of equations from step (3) for the
magnitude of the perturbation loads, and superpose the
stress distributions due to these loads on the basic distribu-
tion. This procedure yields the stress distribution in the
structure with cutout.

Upon completion of these four steps, the magnitudes of the
perturbation loads on the basic structure have been adjusted
so that simultaneous removal of that portion of the basic
structure which lies within the cutout boundary and the
perturbation loads themselves would not disturb the remain-
der of the structure. The perturbation loads are in equilibr-
ium with the portion of the basic structure lying within the
cutout boundary. The stmsma outside the cutout boundary
in the basic structure subjected to the actual external loading
togother with the perturbation loads are precisely the same
as the stressesin the structure with the cutout subjected to
the external loading alone.

Conditions 3 (a) and 3 (b) can be expressedmathematically
by the following equations, respectively:

~q~hP’~(t)n)+~~ &P’~[E’~l+E’j=o (1)

~~*i,(tjT)+zzQh,i,[t)vl+Ff,=Qf, (2)E*

The unknowns are Pfg, the magnitude of the concentrated
perturbation load on stringer q at ring& and ~, the magui-
tude of the shear perturbation load about shear panel (t,q).
The coefficients pti(&q) and gti(~,q) are found in pmt (4 of
the tables and the coefficients pij[g,ql and gti[&~lme fond ti
part (c). The summations in each case are efinded over
the appropriate perturbation loads. Equation (1) is written
for each i,j where a stringaris to be interrupted by the cutout
and refers in each case to the stringer load as the point ii is
approached from within that portion of the structure lying
outside the cutout boundary. Equation (2) is written for
each i,j where a shmr panel is to be removed by the cutout.
The form of equations (1) and (2) is the same regardlws of
whether the rings in the cylinder are considered rigid or
flexible.

This method of analysis maybe applied to a cylinder hav-
ing a cutout more than 1 bay long, but, in such a situation,
the effects of removing ring segments from the region within

the cutout boundary are neglected. In the rigid-ring case,
such eilects do not *t if the cut rings remain effectively
rigid; in the flexible-ring case, the effects of cutting a ring
could, in principle, be taken into account through the intro-
duction of additional types of perturbation loads. It is
possible that even with flexible rings the effects of cutting a
ring are negligible in certain cases, but this would have to be
verified by further investigation.

Sample calculation.-In order to illustrate the method of
calculation, the cylindar shown in figure 5 is analyzed. A
cutout which removw three shear panels and interrupts two
stringers is located in the central bay. The properties of the
cylinder are taken as follows:

m=36

A= O.260sq in.

B=16 m.

L=12 in.

t=o.051 in.

b=R ~=2.62 in.

~,_ O.260–~=0.0992.

For the purposes of this example suppose the rings are very
heavy and can be considered rigid in bending in their own
planea. From these properties the structural parameters B
and C are calctiated. The table corresponding to the values
of B and C closest to the computed values will be used. If
Eis taken as 10.6X10e psi and Gis taken as 4X10e psi, the
parameters B and C are

‘=(+9(%%)(9’=8:05
(7=0

Suppose that the cylinder is loaded with the bending
moment Ml and torque MZ shown in figure 5. The per-
turbation load system for this problem is shown in figure 4.
The concentrated perturbation loads are doubly symmetric
about the cutout. The shear perturbation loads are sym-
metric about panel row ~=0. Let P represent the magni-
tude of each of the concentrated perturbation loads. Let
@ represent the magnitude of the shear perturbation load
about shear panel (0,0); and let Q1represent the magnitude
of the shear perturbation loads about shear panels (0,1)
and (0,—1).

Equations (1) and (2) are now written for this example
by use of the tablea of cceflicieni% for 13=8 and 0=0.
Equation (1) for the stringer load condition in stringer
j=l at ring i=l is written with the aid of tables 1 (a) and
1 (c) aa follows:

–0.5000P+0.0476P+ 0.0895P+ 0.1192Q,L–O.1192QJ–

o.0374QlL+pll=o
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FIGURE 5.—CirI3uhr oylinder with outoutwed in sampleosculation.

where ~u is the basic stringer load in stringerj= 1 at station
{=1. Because of symmetry, similar equations result when
equation (1) is written for stringer j= 1 at ring ;=0 or for
stringer j=O at rings i=O or i= 1. Equation (2) for shear
panel (0,0) is

–0.2262 ‘@ O.2262:–0.2262 ‘@ O.2262‘~0.6986Qo–

2(0.0629) Ql+lco= Qo

where ijmis the basic shear flow in shear panel (0,0). For
shear panels (0,1) and (O,—1), equation (2) gives

—.-o.136s ‘~0.1368 ~+0.6986QI—!–0.2262 ‘@ O.2262;

0.0629Q&0-0119Q1+Z01= Q1
where ~01is the basic shear flow in shem-‘panel (0,1).
three equations in the three unknowns P, Q, and Q1

0.3629P+ 0.1192QoL-0.0818 QlL=~n

0.3014QoL+0.1258Q,L=~&

0.0629QJ+0.2895Q1L=?01L 1
For sinmlieiti, let it41=ikL=100,000 lb-in. In the

‘These
become

(3)

present
emmple~ the-basic Str-- d&ribution can be found ~m ele-
mentary beam and torsion theories which give ~U= 370
pounds and Im=zOl=70.8 lb/ii. When these constants are
‘titrcduced i& the system of equations

P=1,020 lb

QJ=1,750 lb

Q,L=2,560 lb

(3), the solution is

Stringer loads and shear flows in the neighborhood of the
cutout are obtained by superposing the eflects of these

.
perturbation loads on the basic stress distribution. For
example, with the use of tables 1 (a) and 1 (c) the shinger
load at the intersection of ring i=O and stringer j=2 is

-.

given by

P(0.0895+0.0511) +Q,L(0.1.192+0.0125) +QoL(oo0374) +701

=646+~m

The basic sbi.nger load pa equals 368 pounds. Therefore,
the load in stringer~=2 at ring i=O is 903 pounds. Other
stringer loads at ring i=O are shown in figure 6(a). The
shear flow in shear panel (—1,1) is given by
.

; [P(0.2262+0.1368 +0.0044-0.0360) +

@L(0.1357–0.0159) +Q&(0.0097)]+Z-,,, =66.1+1-1,1

The basic shear flow ~-,,1 equals 70.8 lb/in. Thus, the
shem flow in panel (–1,1) is 126.9 lb/in. Other shmr
flows in bay i=–1 are shown in figure 6 (b), and in figuro
6 (c) are presented shear flows in the net section (boy i= O).

STRUIXIJREWITHREINFORCRMENTAROUTCUTOUT

Shesr reinforcement .—The method of analysis is rosily
extended to problems whore shear panels are reinforced in
the neighborhood of the cutout. Suppose that some of tho
shear panels around the outout are reinforced by the ad-
dition of a cerkin thiclmess of sheet (i. e., a doubler pkke).
Then, the procedure consisti of adding shear perturbation
loads to each of these shear panels in the basic structure.
On the doubler platea is placed the same shear perturbation
load except with opposite sign. Then, for each reinforced
shear panel, an equation is written which states the require-
ment that the shear stmsa in the sham panel of the basio
structure shall equal the shear stress in the doubler plate
used to reinforce that panel. When this condition is srLtis-
fied, the loaded doubler plates can conceptually be inserted
into the basic structure without disturbing continuity. The
shear perturbation loads on the doubler plates cancel the
shear perturbation loads on the basic structure.

As an example, consider for simplicity the oylinder shown
in figure 6 loaded only with bending moment Ml. The most
highly loaded shear panels arethose indicated by the vertical
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doubler plates of thiclmeas P are shown as free bodies in
figure 8. The shear perturbation loads applied to them are
of the same magnitude as those applied to the baeic portions
of the reinforced shear panels, but are opposite in sign. The
conditions that must be satisiied are:

(a) The stringer load is zero in striugeraj=O and j=l at
rings ;=0 and i=l as each of these points is approached
from the structure outside of the cutout.

(b) The shear flow in shear panels (0,–1), (0,0), and
(0,1) cancels any shear perturbation load applied about
these panels. (In this example, no shear is developed in the
shear panels of bay i=O and thie condition is automatically
satisfied.)

(c) The shear stress in each of the shear panels (1,1),
(1,–1), (–1,1), and (–1, —1) in the basic structure must
equal the shear stress in the corresponding doubler plate.

Condition (a), which must hold where stringemj= O and
j= 1 me interrupted by the cutout, is expressed by a single
equation because of symmetry:

(–0.5000+0.0476 +0.0895) P+(-O.1192-O.0374+

0.0067–0.0118)QL+~ll=0

where P and Q are the magnitudes of the concentrated and
shear perturbation loads, respectively, and ~H is the basic
stringar load. The condition in shear panel (1,1) that the
shear stressin the basic portion of the sheet equals the shear
stress in the doubler plate (condition (c)) is expressed as

[
(–0.2262–0.1368 –0.0044+0.0360) ‘N

(0.6986–0.0119–0.0068+ 0.0052)Q] +=–Q;

I I where t is the thidmess of the basic portion of the shear panelI40
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(CL)Stringer loads at ring bordering cutout (ring i= O).
(b) Shear flow in bay adjacent to cutout (bay i= –1).

(u) Shear flow in net motion (bay iuO).

FIGUREI&-Remks of sampleodcdation.

hatching in figure 7. Suppose, now, that these shem panele
mo reinforced by the addition of plates of thiclmess -t* to
tho skin of thickness t so that the total thiclmess in these
shmr panels is t+t*. The perturbation load system to be
placed on the basic structure is shown in figure 8. The four

and t* is the thickness of the doubler plate. Beca&e of
ze~, the same equation expresses condition (c) for
the other three reinforced shear panels. These equations
become

0.3629P+ 0.1617QL=~ll

( )–0.3314P+ ~0.6851 QL=O

For a given value of t/t*and for a given magnitude of IMI(so
that ~,1 can be computed), this sptem of equations can be
solved for P and Q, and the stress distributions due to these
perturbation loads can then be superposed on the basic
strew distribution to give the stressesabout the cutout.

Stringer reinforcement.-The method of analysis is also
easily extended to problems where stringem are reinforced
in the neighborhood of the cutout. For example, suppose
the coaming stringem in the structure shown in iigure 5 have
reinforcement of constant cross-sectional area -ding 1
bay on either side of the cutout. This coaming-stringer re-
inforcement is illustrated in iigure 9. Let the area of the
added reinforcing portion of a cmrning stringer be A* so
that the total area of the reinforced portion of the stringer is
A+A*. It is aasumed that the stringer load is abruptly
b ansmitted into the added portion of the reinforced coam-
ing stringer so that the stress is always given by the force
divided by the cross-sectional area.
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Fmmm 7.-Crttmt with shear reinforcement.
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l?mum S.—l?erturbation load system for a problem of shear reinforcement.
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l?mmm 9.-Cutout with

Again for simplicity suppose that the cylinder is loaded
only by the bending moment Ml shown in figure 5. The
perturbation load sywiem to be placed on the basic struc-
ture is shown in figure 10. The added reinforcing portions
of the coaming stringers are shown as free bodies in figure
10 with the proper perturbation loads applied to them. The
conditions that must be satisfied are:

(a) The stringer load is zero in stringersj=O and j=l at
rings i=O and i=l as each of these points is approached
from the structure outside of the cutout.

(b) The shear flow in shear panels (0,–1), (0,0), and (0,1)
cancels any shearperturbation load applied about these shear
panels, (This condition is automatically satisfied in this
example.)

(c) The strwa in the basic portions of the cmuning stringers
j= —1 and j=2 equals the stress in the added reinforcing
portions at rings i=O and i=l.

(d) In the basic portions of the coaming st@gers j= –1
and j=2 at rings i=— 1 and i=2, when these points are
approached from the side which is reinforced, the stress
equals the stressat the ends of the added reinforcing portions
of the coaming stringers.

Because of the symmetq in this structure, only three
equations am required. The unknowns are PI and Pz, the
magnitudes of the concentrated perturbation loads, and S,
the magnitude of the distributed perturbation loads. Con-
dition (a), which must hold where stringerj=l is interrupted
by the cutout, is expressed with the use of tables 1(a) and
1(b) as follows:

(-0.5000+0.0476 +0.0895).Pl+(-0. O895-O.O5ll-O.O49O-
0:0475)F’j+(-0.0727-0.0340 -0.0629 -0.0499) S+Fll=0

The condition that the stringer stress in the basic portion of
stringer j=2 equals the stress in the added reinforcing por-
tion at ring i= 1 (condition (c)) is expressed as
[(O.0895+0.0511)P,+ (-O. M76-0.0330-0.0566 -O. WO2)P,

+(–o.1924-0.0195 -0.0567-0.0379) ~+ZU] :=(P,+@-&

nforcedcoamingstrhgem.

Finally, the condition that the stress in the basic portion of
stringer j=2j as the ring i=2 is approached from the rein-
forced side, equals the stress at the ends of the added rein-
forcing member (condition (d)) is expressed as follows:

[(– 0.5000–0.0459 – 0.0394)P2+ (0.1924 + 0.0195 – 0.0499

–0.0398)S+ (–0.0895-0.0611 +0.0490+ 0.0475)P1+~] >~

These three equations become

0.3629Pl+0.2371 P2+0.2196~=~u

( )( )
—0.1406PI+ ~0.1773 PS+ &O.3065 tl=~~

(0.0441P,+ ;*+0.5853)p2-0.12228=&

When A/A* is known and the magnitude of the external
moment Ml is lmown so that the basic stringer loads ~u, @u,
and & can be computed, this system of equations can be
solved for the unknowns PI, P~,and 6’. Superposition of the
stresses due to these perturbation loads on the basic stress
distribution yields the stresses about the cutout.

.

In this example the basic stringer loads do not vary in
the longitudinal direction, and the concentrated and dis-
tributed perturbation loads can be applied in pairs, equal
in magnitude and opposite in sign, as shown in figure 10.
However, in cases where the basic stringer loads do vary
longitudinally, for example, when the shell is loaded in shear
and bending, the concentrated and distributed perturbation
loads may not occur in equal and opposite pairs. Further-
more, additional distributed perturbation loads may be nec-
esmmyon the coaming stringers in bay ;=0. If such is the
case, the strew conditions which were used in the example no
longer provide a sticient number of equations to determine
the magnitude of the perturbation loads. The required
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supplementary equations are found from the conditions of
equilibrium obtained when the added reinforcing portions of
the coaming stringers are considered K free bodiw.

Comparison of results for reinforced and unreinforced
structures.-some calculated results for the problems of
cutouts with reinforcement just discussed are compared with
the results for the structure without reinforcement in the
following tables:

.

I 1 i I I I

~.
I?mmm 10.—Perturbation load system for a problem of coaming-stringer reinforcement.

““’m‘4=
She?.rtiW,lb~ fOr-

1!+1
:

–&1
L

-2?3
–n a –i 6

—.
~3

–123
–h 6 .:

~4 -25
–h 8

.6 –28

The reinforced shear panels were assumed to have sheet
twice as thick as the uniform sheet; the reinforced portions
of the coaming stringers were taken to have twice the area
of the uniform stringers. The applied bending moment Ml
was taken as 100,000 lb-in.

The following comparison is noted for these illustrative
examples: In the case of coaming-stringer reinforcement, the
mtium stringer load is increneed, but the maximum
slri.ngerstressis decrensed (because stringer area is cloublecl),
and the mtium shear flow is not appreciably chrmgod,
In the cnse of shear reinforcement, the maximum shear flow
is increased only slightly so that maximum shear stress is
considerably reduced, and stringer loads me not appreciably
aiTected.

II-DERIVATION OF PERTURBATION SOLUTIONS
ANALYTICALAPPROACH

Equations for the stiess distributions arising from the
three perturbation loads illustrated in figure 3 are derived in
this part of the report. The perturbation solutions are
obtained by use of the principle of minimum complomentmy
energy. This principle statea that, among all possible stro’ss
distributions in the structure which satisfy equilibrium find
the boundary conditions on stress, the distribution that most
nearly satisfiescompatibility is the one which minimizes the
complementary energy T* where

r )

ork done by surface stresses
#=Internal energy– acting through the prescribed (4)

surface displacements
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Since displamments are not prescribed anywhere on the
structure, the second term on the right-hand side of equation
(4) is omitted. The complementary energy becomes the
internal energy or stress energy of the structure.

In writ~mgthe equation for the stress energy, the following
factors are considered: the energy of axial distortion of the
stringers, the shear energy in the sheet, and the bending
energy of the rings in their own planea. Each of the pertur-
bation loads is shown in its positive sense in iigure 3.
Stringer loads are taken as positive in tension. Shear flows
are positive as shown in figure 11. Ring bending moments,
shear, and thrusts are placed on the ring element in figure 11
in the positive sense. The stress energy in the structure can
be expressed as

(5)

where the integration over the length of a stringer between
adjacent rings has been carried out.

In the analysis to follow, stringex loads are expressed in
the form of a finite t~oonometric series. Then, by using
the equations of statics, the shear flows and ring bending
moments are written in terms of the coefficients of this trig-
onometric sexies. The expression for stress energy, equation
(5), is minimized with respeot to the coeflicienta of the trig-
onometric series for stringer loads; then, the expressions for
the stringer loads, shear flows, and ring bending moments
are substituted into the resulting equation. This process
yields a fourth-order finite-difference equation which can

I

be solved for these trigonometric coefficients. The solution
is then substituted back into the original expressions for
stringar loads, shear flows, and ring moments to yield the
desired distributions.

For convenience in application, the significant equations
are collected in appendix A.

PERTURBATIONLOAD SOLUTIONS
CONCENTRATEDPERTUBBAmONLOAD

Expression for stringer loads,—The concentrated per-
turbation load is shown in figure 3 (a); let P represent the
magnitude of this load. Siice the structure is uniform and
infinitely long, half of the load goes into the portion of the
structure to the right of the ring where the load is applied
(ring i= O), and half goes to the left of this ring. Therefore,
it can be seen from figure 3 (a) that, because of symmetry,

Ptj=—p-t.j (izl)

!ZU=g-f-l,j (i> o)1(6)

M(i,@) = –M(–i,+) (izo)

Consider the right half of the structure, including the ring
at i=O. The concentrated perturbation load gives rise to
stringer loads which are circumferentially symmetric about
stringerj=O (see fig. 3 (a)). ,~us the stringer load distribu-
tion can be represented by a series of the form

m m—l~clr~

Pij=n~ j.(o cm njti (n

,. ~.,’ $or~ :,., ,.. .
where the notation~ ~~0 means that the summation is

,,.fi}Rd~,.,.

P@
,.”

_... --V[i,~)

‘? b
-----------M(i,+)

‘., -

\ h--------
‘-;-:T(i, ~] ;., ,,,

-% ’-’-,
,

Odd of ring ekment -)-.~,: ,: . ,
. . . (1

I?murm Il.—Positive sense of quantiti= used in analyaie.

41307>57—70
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if m is odd.
Evaluation of$(~,jl({), andjs(0).-Suppose that equation

(7) is multiplied by cos Z@and summed overj from Oto m–1.
This prOCedUreyiekk

The sum over j on the right-hand side is, for OGS; and

osls~
m-l

F
-o cos nj~ cos lj8=0 (Z#n)

=: (l+&o+s%$) (l=n)

Thus the coefkients of the trigonometric serie3 in equation

It is desirablefirst of all to determine those values of j~(i)
which can be found from consideration of the boundmy con-
ditions and of the overall equilibrium of the cylinder. Con-
sider the equations of statics for the cylinder ss a whole.
Satisfaction of equilibrium in the longitudinal direction
requires that the sum of the stringer loads-at any ring
station i must equal one-half of the applied load P. This
condition is expressed as

For n=O, equation (8) gives

(9)

Moment equilibrium gives two equations, one of which is
automatically satisfied because of the symmetry of the
stringer load distribution around the cylinder. The other
moment equation is

For n=l, equation (8) is

(lo)

On substituting the vahwa of fo(i) and~l (i) given in equations
(9) md (10), respectivdy, into equation (7), there results

Consider now the boundary condition at ring ;=0. Tho
stringer loads here are

Poj=; aoj

and substitution of this expression

y.(o)= p
( )m 1+3..+6% ~

2

into equation (8) yields

(O@@ (’2)

The equations of equilibrium and the boundary condition
at i=O have been used to obtain certain of the coefficionta
of the trigonometric seriesfor stringer loads. The remaimbr
of the coeihcients are found by use of the principle of min-
imum complementary energy, and this is the next stop in
the solution.

Expressions for shear flows and ring bending momenta.—
In order to use the principle of minimum complementary
energy, the shear flows and ring bending moments must bc
found in terms of the trigonometric coefficients .fn(i). Shmr
flows me determined by the consideration of the equation.
of stati~ of a portion of any stringerj between two adjacent
rings ~ and i+ 1. The forcw on this free body are shown in
sketch (a):

“’~p””
Sketoh (a).

Equilibrium of these forces requires that

pf+l~–pij+(qij–giJ-JL=o (13:

Substitution of equation (11) into equation (13) yields

In order to find qu,replace j with a dummy indax k and sum
both sides of this equation over k from k=l to k=j; that is
write

When the indicated summations over k have been cnrried out
the following equation is obtained:

m-l

!Z*j-!Zio=+;:>: v.(~+1)–f.(ol
()sinn j+$ S ~

1

--
‘Sin$

2
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The term q@ can be found from the condition that the total
torque on the section is zero. The resulting expression for
shear flows is

Bending moments are caused in each ring by a tangential
loading which develops because of the difference in shear
flow in the sheet on either side of the ring. The tangential
Iond on ring i has the value

$or~

gii—gf-lpj=— z ()Aiifn(4tis~n j+; ~ (16)
‘-2 2L SiJl~

In appendix B, this load is applied to a circular ring and the
bending moment in the ring is derived. This procedure
results in the following moment in ring i (seeeq. (B9)):

I

Ponel
row

I
I

@

o
+

-o—

-1

-1
-2

I

(0)

where
cos (rm+n)@

~l(n, +)=,-~~ (~+n)a[(m+n)s–ll

The sign convention for the moment is illustrated in @e
11; the convention for meaauring the angle @ is shown in
figure 12 (a).

Energy analysis.-The stringer loads, shear flows, and
ring bending moments have now been expressed in terms of
the coefficients j=(i). The stringer loads are given in equa-
tion (11), the shear flows in equation (15), and the bending
moments in equation (17). These equations are used in the
minimization of the stressenergy of the cylinder with respeot
to f,(i).

By virtue of the symmetry properties of this problem
expressed in equations (6), the energy in the structure to the
left of ring i=O is the same aa the energy to the right of
ring i=O. Thus, equation (5) becomes

,.

0
-1

(b)

(a) For concentrated and distributed perturbation loada. (b) For shear perturbation load.

FIGU-RD12.—Conventionsfor angularcoordinate1#..
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Note that M(O,@) is identically zero because there is no
difference in shear flow across ring i=O and, therefore, no
tangentird load acts on this ring.

Minimization of the stress energy with respect to jx(i) re-
sults in the following equation:

au _.—_
ajm(~

(18)

The coefficients ~O(i) and jl(i) are known already for all

values of i, andf”(0) is Imown for OSn S; Equation (18)

therefore needs only to be considered for i Z 1 and n Z 2.
The expr-ions for the stringer loads, shear flows, and ring
bending moments are substituted into equation (18). Then
the following definite sums are needed (these can be obtained
by the procedure outlined in ref. 7):

m—l
~ ea njf3=0 (O<n<m)
j-o

and for the integers n and 1restricted to the range

and lsls~~

m—1

~ cos lj6 cos nj6=0 (l#n)

}=; (l+’%;) (J=n) ’20)

and

‘~lsinZ(j-l+)asinn(j++)6=0 (l#n)

‘W+’+ “=n)
(21)

The following dtite integral, which is derived in appendix
C, is also needed:

J‘rH, (n, @H, (1,4)d@=O (Z#n)
o

1

(22)

=S’.T, (l+an, ~) (l=n)

where

and where n and 1 are restricted to 2 @5~ and 2 sIs~.

A closed form of & is presented in appendix C but the series
form converges so rapidly that it is usually more convenient
than the closed form for use in calculations.

After substitution of the expressions for stringer 10MIS)
shear flows, and ring moments into equation (18), the uso
of these delinite sums (19), (20), and (21), and deflnito
integral (22) results in the following equations which express
the condition of minimum stress energy:

For i=lj

j.(3) +2’Ymfn(2)+ (2P.–lY.(l)+2(7.+ l)jx(O)=O(234

where

Solution of finite-difference equation,-Equation (23b) is
a fourth-order finite-difference equation with constant co-
efficients. (Note that the symbol i represents the indm
of the rings and bays and should not be confused with the
usual notation for ~ which never appears in this report.)
Equation (23b) corresponds exactly with equation (24) of
reference 8. The general solution is presented on pagea 23 to
26 of reference 8 and on pages 28 and 29 of reference f). It
may be written as

where the upper sign is used when 7n<0 and the lower sign
when Y=>O. The values of A are as follows:

where

X.=:”S-l[F-WW71
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l?or Dfl<l,

where

x~=icO’-’[+JwPl
For ZIP= 1,

Al.= 1

In the inverse trigonometric and hyperbolic functions, the
principal valum are used. The argument V. of the exponen-
tird function is given by the positive branch of

At a large longitudinal dis’&ce from the applied Io&l, the
stringer loads should approach the elementary distribution
given by the first two terms of equation (11); consequently,
for nZ2, j,(i) approached zero as { approached inihity.
The fit term on the right-hand side of equation (24)
satisfies this condition; however, the second term doea not
and, hence, must be omitted. The solutions, then, that are
compatible with the boundary conditions at idinity are:

Now the arbitrary constants a,, and a~nare determined.
The fit, alx, is obtained immediately. Substitution of
i=O into equation (26) and use of equation (12) to evaluate
jm(0) yields

f.(o)=cr,.= ‘(’~’) (n22)
m

%Z

(26)

Substitution of equations (26) and (25) into the boundary
equation (23rL)yields

where

e,a=r$A,.(3)+2?’J.’A,.(2)+ (2/3.–l)r.&.(1)(8=1,2)

The solution for the concentrated perturbation load is now
complete since the coefficients ja(i) are completely defied
and may be substituted into equation (11) to give the
stringer loads. The shear flows can be found from equation
(16); however, once the stringerloads are known, it is simpler
to calculate the shear flows by the use of the equations of
statics. Because of symmetry, the shear flows in shear

panels adjacent to stringer j=O are given by

All the other shear flows can be found by the use of equation
(13). If desired, the moment distribution in the rings can
be computed from equation (17) and the thrust and trans-
verse shear in the rings can be found from the formulas
given in appendix B.

DISTBJBUTED PERTURBATION LOAD

Expression for stringer loads.—The distributed perturba-
tion load is shown in figure 3 (b); let i3represent the magni-
tude of the total force distributed along stringer j=O
between rings i=O and i= 1. From figure 3 (b) it is seen
that

Ptj= —P-f+l,j (~> 1) (27a)

qfj=q-f,j (;21) (27b)

M(i)+)= –M(–-++1,4) (ia 1) (27c.)

At ring ;=1 and to the right of this ring, the stringer loads
can be represented by a trigonometric series of exactly
the same form as equation (7)

twmpt now i> 1, and the coefficients~n(i) are different from
those obtained for the preceding case of the concentrated
load.

Evaluation of f“(i) andjl (i).—As in the preceding case, the
fit two coeffioients$(i) andjl(i) can be obtained from the
equations of statics, and the results are the same as before.
Equation (28) becomes

m m—l

With the concentrated perturbation load, all the coeffi-
cients ~=(0) were easily found because the stringer load
distribution at ring station i=O was known. Here no such
distribution is known. In order to determine the boundary
condition at bay i=O, the effect of the distributed perturba-
tion load on the equilibrium of portions of stringers in this
bay must be investigated.

Expressions for shear flows and ring bending moments.—
Away from bay ;=0 the shear flows and ring bending mo-
ments are of the same form as for the concentrated load.
The following expression for the shear flows is obtained
by use of equation (13):
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The ring bending moments are. obtained in appendix B as

where ~..

cos (rm+n)qi
~I(%@=,=~m (~+n)$[(m+n)2–11

$he applied force in bay ~=0 maybe written as S&j. Con-
Eider, now, the equilibrium of a portion of any stringer j
between ring ~=0 and ring i=l. The forces on this free
body me shown in sketch (b):

%#
.!-,/=ol-

Sketoh (b).

Equilibrmm of these forces requires that

Pu—po]+ (qoj—!Zoj-l)L—S&j=O

Because of the antis~etry property expressed in equation
(27rL),the equilibrium equation becomes

2p1,+ (qoj—qo~_l)L—S60j=0 (32)

It is convenient, now, to expand the Kronecker delta &in
a finite trigonometric series,

(33)

Multiplying through by cos lj~ and summing over j from Oto
m—1 yields the trigonometric coefficients d.. The result is

(34)

Substitution of the expression for stringer loads (equation
(29)) and the trigonometric expansion for &, (equation (33))
into the equilibrium equation (32) yields

~or~l
qOj–q%j_,~ 2 ~~, [S’d.-2jJl)] cos nj~

In order to ii.ndgoj, this equation can be tre~ted in the same
manner. * equation (14); that is, replace j by a dummy
index k, sum from k= 1 to +, and then use the condition
that the total torque on a cross section in bay i= Omust be
zero. This procedure results in the following expession for
the shear flows in bay ~=0:

The expression for the bending moment in rings i= 1 and
~= Ois yet to be found, as this expression differs from that
for the moment in the rest of the rings given in equation (31),
The moment in ring i=O is the same in magnitude as that
in ring i= 1 but opposib in sign. The tangential loading
on ring i= 1 is given by

By analogy with equations (16) and (17), then, the bonding
moment in ring i= 1 can be written as

All the stringer loads, shear flows, and ring bending
moments have now been expressedin terms of the coefficients
fm(i?). The stringer loads are given in equation (29), tho
shear flows in equationa (30) and (35), and the ring momrmts
in equations (31) and (36). The next step in tho analysis
is the substitution of these expressions into the equation
obtained from minimization of the stress energy of the
cylinder with respect tot,(i).

Energy anaIysis.-By virtue of the symmetry”propertiw in this problem given in equations (27), the energy in the struc-
ture to the right of bay i=O equals the ene~ to the left of this bay. Equation (6) for the stress energy can be written

m—l

u=
F(-o = ‘)+2 W[-& Pi?+ C@l!zOf 2]+2pJgpfw@ ‘& @i?+PfjPf+l,j+Pt+L j9+~L @

Minimization of the stress ene~ with respect to ~.(~ results in the following equations:

(37)
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fmil

NotQ that equation (39) isthe same as equation (18), except
that equation (39) is valid only for iZ 2.

The stringer loads, shear flows, and ring moments are
substituted into equations (38) and (39), and then the
dcflnite sums and definite integral derived in the preceding
section are used to simpl& these equations. After simpli-
fication, the following equations result:
For i=l,

(40a)

For i=2,

jJ4) +2yJJ3) +2&JJ2) + (27n–l)j.(1) =–sd. (40b)

I?or fi23,

Solution of ilnite-difference equation.-Equation (40c)
is the same as equation (23b); therefore, the solution to
equation (40c) is

which is the same as equation (25) except for the valuea of
the arbitrary constants al. and ~,. These constants are
found by the substitution of the solution (41) into equations
(40a) nnd (40b). This procedure yields two simultaneous
algebraic equations in al” and a~m,and their solution gives

where d“, the coefficient in the trigonometric series for the
Kronecker delta ~oj,has been replaced by its value as giien
in equation (34), and where the fl’s and I’’s are given by

(s=1,2) (42a)

(39)

(27.–l)~=A,.(l) (8=1,2) (42b)

The coticients j=(i) are now defined for the distributed
perturbation load and may be substituted into equation (29)
to give the stringer loads. The shear flows can be found
from equations (3o) and (35), but, again, once the stringer
loads are known, shear flows can easily be found by use of the
equations of statica. The shearflow in the panels adjacent to
stringerj=O can be found by considering symmetry:
In bay ;=0

,.=-,.,-l=+

and, outside of bay i= O,

!zio=-wl=p’”-Jy”” (ial)

The other shear flows are found from equation (13), as before.
If desired, the ring moments can be obtained from equations
(31) and (36) and the ring thrust and transverse shear can.
be found from the equations given in appendix B.

SHEARPERTURBATIONLOAD

Expression for stringer loads.—The shear perturbation
load is shown in figure 3 (c). The magnitude of the load per
unit length applied along the stringers and rings bordering
shear panel (0,0) will be represented by Q. From figure 3(c)
it is seen that the longitudinal symmetry properties in this
case are the s-e as those for the case of the distributed
perturbation load given by equation (27).

The shear perturbation load is self-equilibrating and gives
rise to stringerloads which are antisymmetric about panel row
j=O. For i= 1, the stringer loads maybe represented by

where the coefficientsjn(z~ are different from those in the two
preceding cases. The term corresponding to n= 1 vanishes
because it represents an elementary bending stringer-load
distribution. and the shear Perturbation load does not require
this distribution for over~- equilibrium.

Expressions for shear flows and ring bending moments.—
None of the coefficientsf~(o k-the trigonometric series (43)
can be found from the equatioiwof statics. Furthermore, -
the boundary condition at bay i=O must be determined from
a consideration of the effect that the shear perturbation load
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has on the equilibrium of the portions of stringers in bay
i=O and on the bending moment in the rings bounding this
bay. Thus the energy approach must be used immediately
and the fist step in this approaoh is to write the shear flows
and ring moments in terms of fz(i), the coefficients’ of the
trigonometric series for the stringer loads, equation (43).

Outside of bay i=O, the satisfaction of the equations of
statics for the portions of slringers between adjacent rings
yields equation (13), the same as in the two preceding cases.
Substituting equation (43) for the stiinger loads into the
equilibrium equation (13) and following the same procedure
used to obtain equation (15) yields the expression for the
shear flows due to the shear perturbation load:

m—l
:or—

2 f=(i+l)–j=(i) ~os ~ja
m= z (’ial) (44)

n=2
Ull;

The tangential loadings on the rings to the right of ring
i= 1 are

In appendix B this load is applied to a circular ring and the
following expression for the moment in the ring is obtained
(see eq. (B13)):

where

H2(n,@)=r=~m(–V
sin(rm+n) +

(m.n+n)’[(rm+n~-1]

The convention for measuring the angle @ here is a little
diiferept than before and is illustrated in figure 12 (b).

?WWJfheshear flowEin bay ~=0 and the bending moments
in tie rin~+ordering bay i=O must be found. Consider
the shear flows in this central bay. The shear perturbation
loading applied at bay i=O may be written Q&i. Then th6
forces on the portion of any stringerj between ring ;=0 and
ring i= 1 are as shown in sketch (c):

PO]

.-

I’--Ll
Sketch (c).

Equilibrium of these forces requires that

Tlj–Poj+ ‘90J–!?Qj-l)L+ Q(h j_l–6oj)L=o

Because of the antisymmetry property, equation (27u), the
equation of equilibrium becomes

2p,,+ ((J),-QUj_JL+ Q(6m,_1-+oj)L=o (4(3)

The substitution of the stringer loads (equation (43)) into
the equilibrium equation (46), and the introduction of tlm
trigonometric expansion for the Kronecker delta &j (equation
(33)) yields the following equation:

~or~

Qdl[cm (j-1)~-cos j6]– ~2 QL [COSn(j-l)b-cos njd]

Now g,j can be found by replacing j with a dummy index k,
summing over k from k= 1 to k=j, and using the condition
that the torque on a cross section within bay;= O balances
the applied torque. This procedure results in the following
equation for the shear flow in the central bay:

‘:-?::i+w’4qoJ=QLW-Q4 cm jN- Z

Consider the bending moment in rings i= 1 and i= O.
The moment in ring {=0 is identicd in magnitude to the
moment in ring i= 1 but of opposite sign. The tangential
loading per unit arc length on the portion of ring i= 1
between stringer j and stringer j+l is illustrated in sketch
(d):

& Q strirqer /+1

r

1- 1 r

‘.

b
%J 9, J

Sketoh (d).

When these tangential loads are added and the series ex-
pansiom for goj, qlj, and 6U are introduced, the total load
per unit arc length on ring i= 1 is giv6n by

By analogy with equations (16) and (17) the bending moment
inringi=l is

lkpressions for stringer loads, shear flows, and ring
moments have been written in terms of the coefficients
f=(i). The stringer loads are given in equation (43), the

shear flows in equations (44) and (47), and ring moments
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in equations (45) and (48). These expressions am ready to
be substituted into the equation which results from mini-
mizing the stress enwgy with respect to f.(i).

Energy analysis.-Because the l~gitudinal symmetry
relations which exist for the &stribu\ed perturbation load,
equations (27), also existin the case of the shear perturbation
load, the stress-energy expression used in the distributed-
load problem can be used here. The expressions obtained
on :mhhbing this stress energy, equations (38) and (39),
are also applicable here. Consequently, the stringer loads,
shear flows, and ring moments just derived are substituted
into equations (38) and (39). At this stage in the two
preceding craw, certain definite sums and a deiinite integral
were introduced to simplify the equations. A similar proce-
dure is followed here.

The definite sums which are of interest are

m —1

()
~ sin n j–$ 8=0
j-o

and for the integem n and 1rcgtricted to the range 1~ n S;

and lsls~

~~’ cos lj~ cos nj8=0 (l#n)
.

‘1
)=y ( +6%; (l=n)
/

and

Eshz(j-i)’sinn(j-i)’=o (l#n)

‘N+’%) ‘=n)
The required detinite integral, which is derived in appendix
U, is

S*H,(n, +)HJZ,@iI#I=O
o

‘s’”(’+’%)
where n and 1 are restricted to 2s ns ~ and

(Z#n)

(l=n)

2s15;.

After simplifhtion the following equations result:

l?or i= 1,
js(3)+(2’Y.-l)jJ2)+2@m-T’JjJl)

=–2LQdN
(

pn–4frn-11 d
3 )

sin —2
(49a)

For i=2,

j.(4) +2YJJ3) +2~JB(2)+ (27=–l)fm(l)=0 (49b)

I?or ik3,

j“(~+z)+f%f.(’i+ 1)+Z3?jn(’i) +27J.(i–l)+jn(&2) =0
(49C)

Solution of finite-difference equation.-Equation (49c)
is the same finite-diilerence equation for which the solution
is written in the two preceding sections. Substitution
of this solution, equation (41), into equation (49a) and (49b)

413(3’?2—07-S0

gives twa &!rnultaneoue algebraic equations for al~ and a~~,
the arbitra& constants. Solutiin of this system yields

The Q’s and I“s in this case are precisely the same as in the
preceding case of the distributed perturbation load; Q,. is
given by equation (42a) and r,a by equation (42b).

With the coefficients~n(z~known for the shear perturbation
load, the stringer loads are obtained from equation (43) and
the shear flows can be found from equations (44) and (47).
For panel row j=O, the shear flow equations become

and

[

‘a= f.(l) 2Q3Q 2

!lm=~+ x
U-2.-

( )]

~aing+m 1+13
2 %;

When the shear flows in panel row j=O are known, it is
simpler to compute the remainder of the shear flows by use of
the equations of statim rather than equations (44) and (47).
In shear panels (0,1) and (O,–1) adjacent to the loaded panel,
the shear flow is given by

2p,,+QL
qol=qq 4=@0-~

All the other shear flows are found by use of equation (13).
If desired, the ring bending moments can be found from
equations (45) and (48) and the ring thrust and transverse
shear can be calculated from the formuks given in ap-
pendix B.

LIMITINGCASEOF RIGID RINGS

If the ring bending stiilness is allowed to incresse indefi-
nitely, the rings approach complete rigidity in bending, the
parameter O approaches zero, and a considerable simplifica-
tion results. For this limiting we, equations (23) for the
concentrated perturbation load reduce to

Bn=3B&+2(l–cos @

This can be shown easily by multiplying equations (23)
through by C?and allowing O to approach O. Equation (50)
is a second-order finite-dii7erence equation with constant
coefficients. The same equation, together with its general
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solution, is given in reference 9, page 31. The solution
compatible with the boundary conditions at infinity can be
written as

fn(zo=a.(~e-~)’ . (51)

where

and where the upper sign is taken when zL>O and the lower
sign when A~<O.

The arbitrary constant an is determined by evaluating the
solutions, equation (51), for i= O and introducing the value
of $JO) given in equation (12). The result is identical to
al. given in equation (26)

““=+’%)
Equations (11) and (15), the expressionsfor stringer loads

and shear flows, respectively, used before in the case of the
concentrated perturbation load are still valid. The substi-
tution into these expressionsof the solution (51) with the con-
stant amas found above yields the stringer loads and shear
flows due to a concentrated perturbation load when the rings
can be considered rigid.

For the case of the distributed perturbation load, equations
(4o) reduce in the limit to

(–AJ$a(2) + (2Ba+AJjJl) =3BFSd*

The arbitrary constant am in the solution (51) is

6BF

aa=A”(*e-h+l) m&:)

For the shear perturbation load, equations (49) reduco to

(–AJf= (2)+(2Bm+AJ~n(1)=–6LQd.B62 sin$

j.(~+v-z gy)+f.(i-l)=o (i22)

The solution is again equation (51) and ambecomes

12B82sin;

‘=-A”(*’-h+l) ‘(i~.f)

CONCLUDING REMARKS

A method is presented for the strws analysis of circular
semimonocoque cylinders with cutouts. It is most accurate
in problems where the cutout is located far from e..tmml
restraints. The loading may be any combination of torsion,
bending, shear, or axial load. Other loadings are permissible
if the stress distribution in the cylinder without a cutout is
bow-n.

The method of analysis is based on the superposition of
certain perturbation stress distributions to give the effects
of the cutout on the stress distribution which would mist
in the cylinder without a cutout. The equations for tho
three necessary perturbation strws distributions are derived
in this report, and tables of coef%cientscalculated from these
equations are presented for a wide range of structural prop-
erties. Ring bending flexibility is taken into account in the
tables. The tables refer to a structure having 36 stringers,
but they can be ussd for cylindem having any number of
stringers by redistribution of the actual stringer area into
36 fictitious Sttigm. Sample calculations utilizing the
tables of coefficients are presented to illustrate the analytical
procedure.

LANGLEYAERONA~CAL LABORATORY,
NATIONALADVISORYCommrm E FORAERONAUTICS,

LANGLEYl?mLD,VA., M3rch l?, 1966.

APPENDIX A

SUMMARY OF SIGNIFICANT EQUATIONS

The formulas and parametem required for computing the
stress distribution due to concentitedj distributed, and
shear perturbation loads are collected in this appendix for
reference.

STRINGERLOADS

where S’ is the total applied load.
Shear perturbation load (see fig. 3 (c)):

\
:or~

()Pfj- ~~ j= (0 sin n j—~ 6 (i& 1)

Gmcentrated perturbation load (seefig.3 (a)): I SHEARFLows
.

where P is the applied load.
Distributed perturbation load (see lig. 3 (b)):

Concentrated perturbation load (see fig. 3 (a)):
For the shear panels in panel row j=O,

I Pto—pi+l, o
gio=~

Iand, for the remainder of the shear panels,

*ij=Pfj—Pf+l,j
L +qi, j-l (j2V
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Distributed perturbation load (see fig. 3 (b)):
For the shear panel (0,0),

J.%2plo
qm=~

for the remainder of the shear panels in panel rmvj=O,

Pfo—Pt+looqio=~ (’izl)

rind,for all other shear panels,

*tj=ptJ—pf+l, ~+ qi ,_l
L1

(j= 1)

Shear perturbation load (see fig. 3 (c)):
For the panel about which the load is applied,

for the remainder of the shear panels in row j=O,

for the shear panel (0,1),

for the remainder of the shear panels in panel ro~ j=l,

*il=Pfl—Pf+l, 1
L +qio (i>l)

and, for all other shear panels,

Pfj—Pf+loj
@j=~+gf, J-l ~~2)

EVALUATION OF THE TRIGONOMETRIC COEFFICIENT f.(l) FOR FLEXIELE
RmGs

Basic pmunetera:

~_E t’ R’_—— —
(7t L’

Auxiliary parameters:

4+3 :2

2
“=3+ 12c&

3 B6=
ln— *.2 g

7.=–2+ 12 ~ 2
n

Dismiminsting parameter:

D%72 ~~~:$ ...
n

Trigonometric coe&cients:

where

“=-h‘-’-

Alm(~=COS ix= (Dn>l)

=1 (D==l)

= Coshixm (Dn<l)

A~n(~=Sill ix. (D.>1)

= i (Da=l)

= sinh ix- (Da<l)

X==+a-lwwm(D=)

+os+?-m ‘“’’<1)

--i++mA=; cosh

Arbitrary constants for concentrated perturbation load:

““=+.:)
0,.+2(7=+1) P

CY.2X= —
02% ‘(1+’%)

where P is the applied load and

e,.= ~.SAw(3)+2yJjA,a(2) + (2&- l)~~A,m(l) (s=1,2)

Arbitrary constants for distributed perturbation load:

where S’ is the total applied load and

17== ~~4A,,(4)+2yJm3A,J3) +29J=9A..(2) + (27%– l) fmA,~(l)
(8=1,2)

Arbitrary constants for shear perturbation load:

r,. ~*–47x–11 ti
3

sin —
2 40L
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where Q is the applied load per unit length.
:,

Trigonometric codicients:

‘=’0=4%’”)’

EVALUATION OF TEE TRIGONOMETRIC COEFFICIENTS f. (2) FOE EIGID
BINGS

Arbitrary constant for concentrated perturbation load:

P

Auxiliary parameters:

A.=3B6*— l+COS

“=m(%)
I Arbitrary constant for distributed perturbation lend:

n~ I Arbitrary constant for shear perturbation load:

Ba=3B&+2(l–ccs n~)

u&=Co&-l%n

where

“ .-+m(fi%)“-4 (KI

APPENDIX B

BENDING MOMRNT, AXIAL THRUST, AND TRANSVERSE S~AR IN RINGS

&pressions will be developed for the bending moment,
axial thrust, and transverse shear in a circular ring under
tangential loads such as those which arise from the differ-
ences in shear flow acres a ring in a circular semimonocoque
cylinder.

Two cases must be considered: One case occurs with the
concentrated and distributed perturbation loads, where the
ring loading is antisymmetric about stringer j=O. The
other case occurs with the shear perturbation load, where
the ring loading is symmetric about panel rowj=O.

CONCENTRATED AND DI@lTUEUTEDPERTURBATION LOADS

For the concentrated and distributed perturbation loads,
the tangential loading on ring i has been written in the form
of a finite trigonometric series (see eq. (16))

then the moment, thrust, and shear in this ring am, reapoc-

(B’)

Figure 11 shows the sign convention used in writing equa-
tions (332).

Consider, now, one term of the series @l). To expand
this term in a Fourier series, write

()
6=,sin n j+$ 6=2 (G).{s~ ?4 (B3)

r-n

where the (cJ at’s are the Fourier coefficients. It is obvious
that the fit harmonic which will occur in the Fourier series
in equation (S3) must be that for which r=n. The other
harmonics, then, will be added to this to build up the stop
shape of the loading function. The convention for meas-
uring angle #in this case is illustrated in figure 12 (a). The
index j can be thought of as a function of +, that is: whcm
0<4<3, j=O; when ~<d< 2~,j=l; and so forth.

In order to carry out the expansion, equation @3) is
multiplied through by sin M and integrated from Oto 2U

This ring load has a steptie variation around the ring, being
constant between stringe~ and having jump discontinuities
at the stringers. The limitation that n >2 ensures that the
ring is in equilibrium.

The procedure will be b expand each term of the series
@l) in an inlinite Fourier seriesin the variable @. For each
harmonic of the Fourier series, that is, for a continuous
sinusoidal tangential foroe distribution on the ring, the

.~l~woa

()
b.~sinn j+; 6sin14d~

moment, thrust, and shear in the ring are easily found.

J
Zr -

(Seeref. 8, p. 33, for example.) On the basis of inextensiomd = , ~a (G)=i~ TI# s~ z~d~

deformation and the neglect of transverse shear distortions,
the remiltsare as follows: If the tangential load on ring i is After integration, the righkhand side
given by becomes

Z.t 00sm++~.f sin nd (n =2) (CJ”,T

of this equation
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by virtue of the orthogonality of the trigonometric functions.
Tho lofhhrmd side becomes

2 sin$

—’n’zshn(’+)’sinz(’+)’1

on carrying out the integration. From reference 7 it can
be shown that

‘~’sinn(j++-)~sin l(j+~) ~
.

[

l-n 1+

1=;(—1)%=-(- l)=J&
m

whore Jh= 1 ifh isan integer,and Jh=O ifh is not an integer.
Thus the Fourier coefficients are given by

Tho nth term of the tangential loading on the ring is

By use of the properties of Jh this summation can be re-
written

b.,s~”(j~)’=:b.t[s(-l~h:::):s~(~+n”-

Sin(rm—n) ;
$ (–ly

1
~_n sin (m—n)+ @5)

On mpmsion by the sum and difference formti~ of trigo-
nometry and with the use of the fact that m~=2r, it is
found that

sin (rm+n) +(—lY ah $

-}

(I36)
L(_l)r+l s~:sin (ma—n)s

When equations (B6) are substituted into equation (B5),
tho following relationship results:

1
~ sin (m—n)@
r=l m—n

From the first of equations @2) it is seen that if the
tangential loading on the ring is given by the righ~hand
side of equation (B7) then the bending moment in that

cos (rm+n)+
HI(n,@=rm~=(w+n)~ [(mn+n)’-l]

Equation (B8) gives the bending moment in & riqg which
xmies a tangential load distributed according to one term
~f the series of equation (B1). When the ring is loaded by
the sum of such stepwise terms, as in equation @l), then
the moment is given by a sum of terms like &18). The
bending moment in ring i is therefore “

For completeness, the expressions for axial thrust and
transverse shear can be written in a similar manner-

where
- cos (Tm+n)@KI (n,@=r=~@ (~+n)s–l

sin(rm+n)f$
~ (n)+)=,m$. (~+n) [(rm+n)’-ll

SHEAR PERTURBATION LOAD

In the case of the shear perturbation load, the tangential
loading on ring i is given by the ilnita trigonometric series

3’,j=@,–(&,#,=‘ x’
n-2

where

Equation @lO) can be treated in a manner analo~ou5 to

the handling of equation (B1). That is, each term of the
series in equation (B1O) can be expanded in a Fourier series.
Then the moment, thrust, and shear in the ring are written
immediately.

Analogous to equation (B3), write

a,; C09fij6= % (G).i, cm r+ (B1l)
r-n

where, now, the angle @is as shown in figure 12 @). II both
sides of equation (B11) are multiplied by “COS10 and i.nte-

-grated from Oto 2x, .theraresu@ for the Fourier cmflicients:
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It can be shown (see ref. 7) that
I

Similarly, thrust and shear are

so the nth term of the tangential loading on the ring is
. . I and

This Summation becomes I where

which corresponds to equation (137). Then the bending
moment is

;Orq
M(i,(#))=– z R’ ~ ~i sin ~.Hdn,@ (B13)

a-2

H,(n,+)= $J (–1~
sin(rm+n)@

r-—- (~+n)’[(m+n)z–l]

IK,(n,@)= & (–1~ ~m(~n~~)~
r-—-

L(n,l#)= $J (–1)’ cos (rm+n)@
r-—- (rm+n)[(rm+n)’-l]

APPENDIX c
EVALUATION OF DEFINITE INTEGRALS

In order to minimize the stress energy it is necessary to
investigate the following detite integrals:

and

J%,(n,@)H, (Z,@)o%
o

=J~r=?&(–W,.Sh (m+n)4,-~m(–V’D.~ A (szQ+O@I$
(C2)

where

“’=(rm+n)’ [;m+n)’-l]

and where integers n and 1are limited to the following ranges:

Consider the relation (Cl). The righkhand side can be
written

~ovv, by virtue of the limited range of the integers n nnd L
the following relations can be written:

~r?n+n..m+l=~,,+=m.

Thus, when 2Sn<~ equation (Cl) yields

J
2Z

E, (n,d)H, (Z,+)d4=0 (l#n)
o

=,=~~DI~r=&r (Z=n)

If n=?, the following equation is obtained:

Since
-1

D 1
m=

(

2-r-l, ~

) [(
—m—m+

m ‘_l
)1—rm-m+Y

‘(-’WG3-’1
=D, .,-

2

it is found that when n=;
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To summarize, then,

s‘rH,(n,#J)H&#Jd@=o
o
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(Z#n)

‘s””?+’%)‘n)
Consider the relation (C2). It is handled in a manner

analogous to the treatment of (Cl). Equation (C2) can be
written

J2“Hz(%dw,f$)d
o

Thus the definite integral (C2) gives precisely the same
result a9 (Cl)

J‘“H,(n, @)H,(l, @&=O (l#n)
o

‘s””?+’%) “=n)
The sum

can be expressed in closed form with the aid of formula
6.495, number 2, reference 10. The result is

s.=? 2+*Sti + 62 b=cos nti cos 6—1

12 (l–cm ti)~ 1–00s M-Z (Costi-cos 6),-t-

5 6sin6
Z cos n6—cos 6

However, the series form of S=, because of its rapid con-
vergence, may be more convenient than the closed form for
use in computation.
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TABLE 1.—LOAD DISTRIBUTION Dull TO A UNIT PERTURBATION LOAD
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.mm

:E
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TABLE ‘2.-LOAD DISTRIBUTION DUE TO A UNIT PIIETURBATIOI+ LOAD

[B- WC- Cqm-m]

prturh&hoad on stringer j= O at (b) Distributed _k=ation lead on stringer j-O
kAwmnri~i=Oandi=l

(b) Chmntratad

(o) Sk perturktion hd abut shear *1 (0,0)

se Id, pdL, atrtat4m-
J
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2
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.mw
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-. mm
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-. m46
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rlw
.Cm
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.mm
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. 0U4
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-.W.9
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0
0
0
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0
0
0
0

:
0
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-: w-.MM
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.M39
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.m
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-. mn
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a 61s
–. mm

.mn

.M47
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.mm
.m
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.Olm
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-. Olm
-.0176
-. mu
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-.OW
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–. Olm
–. mm
-.0167
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-. m14
-. m
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. mn
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.0146
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-. mm
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. mn
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i-4 {-6
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-. m
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-. mm
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-.mlo
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-, mn
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-. CQ17
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-.mw
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–. am
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.Olm
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-. m%
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-, mm
-. m-m
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-.M7E
-.0U5
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-. m
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-. mn
-. m44
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. Olm
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.mn

-: %
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-. mm
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-. ma
-. mu
-. m
-.mfn
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TABLE 3.—LOAD DISTRD3UTION DUE TO A UNIT PERTURBATION LOAD

(b) Di3tribut8d portnrbatlon load on tim j-O

botwean rings i.O sndi=l
(a) ConoenW mrt.udmtion lad on Mn.ror J-O at

(o) Eku perturbation load shut ~hear panel (0,0)ring i-o
— .
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1=1 (-9 14
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. oln
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.Cw
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i-6
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:
4
6
6
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—

—
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3
4
6
6
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u
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16
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-. m-m
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-.m
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TABLE 4.—LOAD DISTRIBUTION DUE TO A UNIT PERTURBA!ITON LOAD

(b) DMdlmted @mrbation had on stringer j-O
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(a)
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Ckmmtr8ted mrtnrWkm lad on strinmri-O at
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6
6
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U
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—

;

9
3
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6
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4
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.O.m3
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TABLE 6.—LOAD DISTRIBUTION DUE TO A UNIT PERTURBATION LOAD
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TABLE 8.—LOAD DISTRIBUTION DUE TO A UNIT PERT ORBATIOI’4 LOAD
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TABLIl 9.—LOAD DISTRIBUTION DUE TO A UNIT PERTURBATION LOAD
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TABLE 1O.—LOAD DISTRIBUTION DUE TO A UNIT PIHtTIJRBATION LOAD
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TABLE 11.—LOAD DISTRIBUTION DUE TO A UNIT PERTURBATION I,OAD
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TABLE 12.-LOAD DIBTEIBUTION DUE TO A ULNIT PERTURBATION LOAD

[B.* C-2XIW m+
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.W

. rw7

:M
-am
-,WM
-,ma
-.m
-, Wa
-.W43
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.0164
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TAJ3LE 18.—LOAD DISTRIBU’MON DUE TO A UNIT PERTURBATION LOAD

D3.m, C-xxlo; m.sol
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TABLE! 14.—LOAD DIS’HtIBUTION DUB TO A UNIT PERTURBATION LOAD
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TABLE 15.—LOAD DMTRIBUTTON DUE TO A UNIT PERTURBATION LOAD
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TABLE 16.—LOAD DISTRIBUTION DUE TO A UNIT PERTURBATION LOAD
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TABLE 17.—LOAD DL5TEIBUTION DUE TO A UNIT P13RTURJ3ATION LOAD
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TABLE 18.—LOAD DISTRIBUTION DUE TO A UNIT PERTURBATION LOAD
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TABLE 22.-LOAD DISTRIBUTION DWE TO A UNIT PERTURBATION LOAD
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TABLE 23.-LOAD DISTRIBUTION DUE TO A UNIT PERTURBATION LOAD
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TABLE—24-LOAD DISTRIBUTION DUE TO A UNIT PERTURBATION LOAD
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TABLE 25.-LOAD DLSTRD3UTION DUE TO A UNIT PERTURBATION LOAD
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TABLE 26.—LOAD DISTRIBUTION DUE TO A UNIT PERTURBATION LOAD
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TABLE 29.-LOAD DLETEIBU’ITON DUE TO A UNIT PERTURBATION LOAD
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